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PURPOSE 

TQ study further the synchrotron motion discussed by 

Gumowski and Reich. 1 In particular, a hamiltonian approach 

is used and applied to the determination of a radio frequency 

regime to maintain constant bucket size. 

e Operated by Universities Research Association Inc. Under Contract with the United States Atomic Energy Commission 
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GENERAL 

Symon and Sessler2 give the basis for a hamiltonian for- 

mulation of the longitudinal motion assuming that coupling 

between betatron and synchrotron motion may be neglected. A 

particle with energy E travels along an orbit of length 2nR(E) 

where R(E) is the equivalent radius. An equivalent angular 

variable 0 is defined such that 

ds = Rd0, (1) 

where ds is an element of arc length along the orbit. If E 

is the electric field 

dE= eE ds l 

In addition an angular frequency w is introduced so that 

d9 x = w. 

(2) 

(3) 

Following Symon and Sessler2 a canonical variable is intro- 

duced (here a more customary definition is used involving 

angular frequency instead of revolution frequency) 

PE dE 
W' 

The equations of motion then become 

G = eRE 

i, = w. 

(4) 

(5) 

(6) 



-3- TM-304 
2000 
5000 

SINGLE 'GAP EXCITATION AND SPACE CHARGE EFFECTS 

Symon and Sessler2 treat the case of multiple gaps. 

Here, for simplicity only a single gap is introduced. Thus 

2 
E = i cl(e) sin 

I 

t 
wRFdt - dh (0) 

$* de , (emu> (7) 

where the approximation for the space charge electric field 

mentioned in Gumowski and Reich1 has been used. According 

to Nielsen and Sessler3 

90 = 1 + 2 &s 
i 1 7ra 

for a beam of radius a between plane parallel plates whose 

gap is G. 

6(e) = $y + +Y cos n8 
1 

and 

I t cos n0 sin wRFdt = ; {sin(n6+ltwRFdt) - sin(nO-rwWdt)] 

For convenience the radio frequency angular frequency is 

written as 

wRF f hws 

where h is the harmonic number. Since it is expected that 

i, = w = ws, the only term that is approximately stationary 

gives for the electric field 

E = -& sin(h8-h\twsdt) - 3 l d~$e' . 

(8) 

(9) 

l (10) 

(11) 

(12) 
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The equations of motion, Eqs. (5) and (6) become 

;= -g sin(h8-hjtwsdt) - $"" l dtie' 

Partial integration yields the hamiltonian 

fi =E(P) -c cos(hO-hjtwsdt) + $"' l h(8)., 

(13) 

(14) 

(15) 

TRANSFORMATION FROM LABORATORY SYSTEM (P,0) TO [W,@) 

A rotating coordinate system is introduced through the 

generator 

s w,e) = hW (e - ,"wsdq. (16) 

Then 

P 8S = ae = hW, 

9 8S ===h0 - h twsdt. 
I 

(17) 

(18) 

The new hamiltonian is given by 

K =: /./ + g = E(p) - hwsW - s COS (p + (20) 

where h(4) follows from h(@)d@ =. h($)d$. 

The equations of motion become 

i = -$L& sin 4 - 
ec2gOh . dl($) 

R-Y2 d+ ' 
(21) 

(22) d = h g - hws. 
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REFERENCE MOTION 

Choose 

. 
WR = eV -m sin (bR 
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(23) 

(24) 

(25) 

SYNCHROTRON MOTION 

Motion about the reference motion may be found from the 

generator 

S (J&d = Q(W,+J) * 

Thus 
wd!L 

a+ 
wR+J I 

4) 
as 

=Tn = new coordinate. 

If E(P) is expanded 

Then, with AP = hJ, the new hamiltonian becomes 

R 1 122, = ER + wRhJ + z wRh J $f w;h3J3 - w&WR+J) 

- s(cos $ + (I sin 9,) + 
ec2gOh 

W2 

l X(O) 

(26) 

(27) 

(281 

+ . . . . (29) 

(30) 
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where uR, WA are clear from Eqs. (25) and (29). 

The terms depending only on time may be altered without 

changing the motion. Hence if 

$2 = wp (31) 

the hamiltonian may be written as 

R = $ w;;h3J3 + $ w;h2J2 + (w R-~s)hJ 

- cosrj2 f ($-(I,) sin$R 
I 

ec2g h 
f 0 

W2 
l , W). (32) 

ADIABATIC APPROXIMATION 

Although the hamiltonian R contains the time, if these 

time varying functions are slowly varying with respect to the 

revolution period of the J-$ motion, then the hamiltonian may 

be treated as a constant of the motion. In particular if $,, 

v, ur; are constants then Eq. (24) gives uR = ws and 

R = &;;h3J3 + $;h2J2 - G 
[ 
cos$ - cos$12 + (+t$ sin$R 1 

+ 
ec2gOh 

RY2 
l X(4). (33) 

FIXED POINTS 

For a conservative hamiltonian fixed points for the 

motion occur at 
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j= 8R eV -q = m(sin+ - sin@,) - ec2gOh . d$#d = o, 
RY* 

6 = $!i& = + +h3J2 + w;h2J = 0. 

(34) 

(35) 

Reasonable space charge distributions X(4) are not expected to 

yield an electric field at the fixed points, Thus if II'($) is 

zero at the points determined by Eqs. (34) and (35) the fixed 

points are: 

Stable 

Unstable 0 "-+R 
2w; 

-hq $R 

Transition energy occurs at ui = 0. Below transition LLI; > 0 

and 0 g $R I 7r/2. Above transition WA < 0 and ~r/2 I; $R I IT. 

Far from transition the bucket characterized by the second 

pair of J-Q, points is outside ,of the vacuum chamber. Near 

transition, however, both buckets are needed to specify the 

motion. 

Following the usual custom, the term in w6 will be 

dropped for general simplicity. Adiabatic solutions will be 

used below transition and above transition. A nonadiabatic 

change in the phase $R is made through transition to connect 

the two solutions. For a linearized treatment passing through 

transition in which wi is omitted, see Courant and Snyder. 4 
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The effect of the wW R term is considered by Symon and Sessler2 

and by Kolomensky and Lebedev. 5 

SPACE CHARGE DISTRIBUTION 

Gumowski and Reich1 consider several forms for the space 

charge distribution. In this note only the case of a uniform 

distribution in the J-(I space will be considered. 

Thus 

u44 = -=$, ($1 (36) 

where J b is the value of J on the separatrix. Equation (33) 
becomes 

R = &;h2J2 - $& cos$ - cosqJ2 + (@-$,)sin+, 
I 

t 
2ec2gOoh 

RY2 
Jb@). 

(37) 

BUCKET 

On the separatrix R = 0. Therefore, if one sets 

T w' h 
Y J I 1 = .R 

eV J, (38) 

and 

(39) S = 
2ac2gOch e 

RY2 i 
sh[wl;lV ' 

Eq. (37) becomes 

Y2 + 2sy - COSQ, - cosL$2 + (O-0,) sin$R 1 = 0. (40) 
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,Xf one defines the bucket factor 

where $11 is a solution of Eq. (40) for y = 0, then using 

(39) one has for the number of particles in the bucket. 

N=$. $2 4Jz RV 
W)da, = x l --?j" r2scxbj,ts) ' (emu> 

$1 
ec 

CONSTANT AREA BUCKETS 

For the reference particle 

V sin $IR = 27~R~(ij} . (emu) (43) 

Hence the relation fox N becomes 

N 4fl R 2seR2(i)) 2 =-.-. 
7ih rp MOc2 

y sa($,,s) t (emu) 

(41) 

Eq- 

(42) 

(44) 

where r 
P 

is the classical proton radius. 

If the momentum spread of the injected coasting beam is 

*Ap, then the bucket area required to contain this beam is 

A= 4nRAp = 47r$ l pc ' 9 . (erg-set) (45) 

In a constant bucket area regime this area must equal that of 

h accelerating buckets. Thus 

A=8i!- J 2eMoc2yRV 
(46) 
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where 

(47) 

Thus 

(emu) 

Given the magnetic cycle {B> one may find yR from 

2 
yR = 1 + ?$tj,2 

( 1 0 *. 
(emu) (49) 

Thus for a constant A given by Eq. (45) Eqs. (44) and (48) may 

be solved simultaneously for $, and S at each instant of time. 

Eq, '(43) ,then yields the required volts per turn V. 

RESULTS 

The appropriate equations have been coded for numerical 

evaluation in the program BUCKET. Results for the booster are 

shown in the attached computer output. Ignore the columns 

labeled Power and Res or see TM-302 for explanation. Above 

transition S is replaced by -S in Eq. (39). outputs for 

3.85 x 1012 particles and a negligible number of particles 

are shown. Thus the effect of space charge on the required 

volts per turn (VPT) is rather small, about 2 percent at most. 
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